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Abstract 

We study a string theory which is exclusively based on extrinsic curvature action. It is 
a tensionless string theory because the action reduces to perimeter for the flat Wilson 
loop. We are able to solve and quantize this high-derivative nonlinear two-dimensional 
conformal field theory. The absence of conformal anomaly in quantum theory requires 
that the space-time should be 13- dimensional. We have found that all particles, with 
arbitrary large spin, are massless. This pure massless spectrum is consistent with the 
tensionless character of the theory and we speculate that it may describe unbroken phase 
of standard string theory when a —>■ oo. 
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A string model which is exclusively based on the concept of extrinsic curvature was 
suggested in 0. It describes random surfaces embedded in D-dimensional spacetime with 
the following action 

S = m . L = ^ J d 2 tVh\[K^Kl\ (1) 

where m has dimension of mass, h a b is the induced metric and K l ab is the second funda- 
mental form (extrinsic curvature). In the above theory extrinsic curvature term alone 
should be considered as fundamental action of the theory. The dependence on the ex- 
trinsic curvature in ([!]) guarantees proportionality of the action to the length L. The last 
property makes the theory very close to the Feynman path integral for a point-like rela- 
tivistic particle because when the surface degenerates into a single world line the action 
([I]) becomes proportional to the length of the world line 

S -> m I ds (2) 

and the functional integral over surfaces naturally transforms into the Feynman path 
integral for a point-like relativistic particle!. 

To illustrate these concepts let us consider a surface in a form of cylinder of radius R 
and of length T. We can easily compute the action: the term K % ^K 1 ^ is equal to 1/R 2 
and the action is equal to 2T + 2nR (the last term is a contribution coming from the 
boundary of the cylinder). When the radius of the cylinder R tends to zero, the cylinder 
shrinks to a world line of length T, and the action becomes proportional to the length of 
the degenerated surface. 

This string theory is tensionless because for the flat Wilson loop the action is equal to 
its perimeter S = m(R + T) , and at the classical level string tension is equal to zero. In 
the recent articles fl], §] the authors studied quantum fluctuations at one-loop level and 
demonstrated that quantum fluctuations generate an area term, that is a string tension. 
Our aim now is to further study the symmetry properties of this model, specifically its 
conformal properties in order to treat this nonlinear system exactly. 

I shall consider two different theories: the original model A when the metric tensor on 
the world sheet is induced by embedding into the target space-time and the second model 
B when the world sheet metric is considered as an independent field. We develop technical 
tools allowing to solve the model B and to quantize this high- derivative nonlinear two- 
dimensional conformal field theory. The contribution to the central charge from bosonic 
coordinates is twice bigger than in the standard bosonic string theory. The contribution 
of Faddeev- Popov ghost and an anti-ghost fields to the central charge remains the same, 
therefore the absence of conformal anomaly requires that the space-time should be 13- 
dimensional. The mode expansion of the fundamental fields allows to demonstrate that all 
particles, with arbitrary large spin, are massless. This pure massless spectrum is consistent 
with the tensionless character of the model B and we speculate that it may describe 
unbroken phase of standard string theory || when a —* oo and M 2 — \{n — 1) — > 0. 
Large amount of zero norm states is an indication of enhanced symmetry in our system. 
David Gross defined this limit as an unbroken phase of string theory where one should 
observe enhanced symmetry [El. We hope that this approach will also provide better 
understanding of the original theory A which probably describe the broken string phase. 



2 This theory is essentially different in its geometrical meaning with the actions considered in [|| and 
there is no area term in the action as it was in previous studies pfl . 
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As in M we shall represent the gonihedric action (ED) in a form 

S = -f d 2 (Vh^f(A(h)X,) 2 , (3) 

here /i a f, = d a X^d b X^ is the induced metric, A(/i) = 1/yh d a \/hh ab d b is Laplace 
operator and K a a K lb = (A(/i)X M ) 2 . The second fundamental form if is defined through 
the relations: K' ab n^ = d^X^ - T c ab d c X^ = V^X^, n^n£ = nj,^ = 0, where 
are D-2 normals and a, b = 1,2; /i = 0, 1,2, D -l;^" = (- + ..+); z, j = 1, ..,D-2. 

Below I shall consider the model B which has the same action @ but now it should be 
interpreted as a functional of two independent field variables X^ and h ab , that is, we shall 
consider it as two-dimensional quantum gravity interacting with scalar fields X M . At this 
stage the model B is not connected any more with any embedding into space-time. The 
aim is to compute the energy momentum tensor of the scalar field X M and to demonstrate 
that it is traceless. Thus this theory is conformally invariant at the classical level i. 

To get classical equations and to construct world sheet energy-momentum tensor one 
should compute variation of the action with respect to the metric h ab which is defined as 

SS = ~ I VhT ab 5h ab d\. (4) 

The variation of the action is 

§S = ^sJVh v /(A(/i)Xm)2 d 2 ( 

= - I (-b^h h ab 5h ab J(A(h)X»y d 2 ( + - [Vh A ^ X " 5A(h)X» d 2 ( (5) 
7T J 2 7T J ^(A(h)X^) 2 

and we can proceed computing the variation of the Laplace operator 

5 A(h)X» = \^=h ab 5h ab d c Vhh cd d d X» + -^d a {Vh5h ab - \h ab ^~hh cd 5h cd )d b X». (6) 
2 y/h \Jh 2 

The first term on r.h.s. of @ will be cancelled by the first term coming from (^|), therefore 

53=— [ A ^ XIA d a {(Vh5h ab - -h ab Vhh cd 5h cd ) d b xn d 2 (. (7) 
* J ^(A(/i)X^) 2 2 

Integrating by part we can extract the T ab in covariant form 

/ V \m , A{k)X " 1 V 6} X" - h ab h cd V, ( m -M=====\ V,,A'" 



M A2 



A(h)X^) 2 ) \ v /(A(/i)X 

where {a 6} denotes a symmetric sum. It is easy to see that the energy-momentum 
tensor is traceless: 

/> a %, = 0, (9) 



3 It is not obvious at all that the last model is equivalent to the original one even at the classical level, 
and as we shall see it is not, but this study will help to spot some common properties and useful formulas. 
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thus we have interaction with conformally invariant matter field X^. The equation of 
motion, in a given case the constraint equation, is 

2tt SS 

t —7k^-°- < 10 > 

We can get the equations which follow from the variation of the action over coordinates 
as well: 

7T 5S ( A(h)X» , 

A(h) \m K J = = 0. (11) 



\J~fi 5X^ y ^/(A(h)X^) 2 

We can make all these formulas more transparent introducing the operator IP 

A(h)X» 
IP = m , K ' =, 

^(A(fc)A>) 2 

it has a property very similar with the constraint equation for a point-like relativistic 
particle: 

(in) e = rprp - m 2 =o, (12) 

and allows to rewrite the action (^j in the form 

S = - [ d 2 (VhW A(h)Xa. (13) 

71 J 

The equations now look like 

(I) A(h) IP = (14) 

and 

(//) T ab = v {a ip v b} x» - h ab h cd v c ip v d x» = 0. (15) 

One can check the covariant conservation of the energy momentum tensor V a T ab = 0. 
Equations flU]), (|T5|) and ( |Ti2"D completely define the system. We have equation of motion 
( |14"D together with the constraint equations ( |15D and (p72f) . We should stress that in 
addition to the "standard" constraint equation (|T5|) we have a new type of constraint 

& 

We can fix the conformal gauge h ab = prj ab using reparametrization invariance of the 
action to derive it in the form (see (|3]),(|Hi|)) 

s = — [ d 2 (J(d 2 xf = - [ d 2 c ip d 2 x fl . (16) 

71 J 71 J 

In this gauge the equations of motion are more simple 

(/) d 2 (m-f^J) = 0. (17) 

and they should be accompanied by the constraint equations ( f[2|) and (|i~5f) 

/ f) 2 Y^ \ ( d 2 X^ \ 

(II) T ab = d {a m d b} X» - Vab d c m d c X» = 0, 

1 '(8 2 X) 2 ) \ J(d 2 X) 2 j 



d 2 X fl 

(III) IPIP - m 2 =0, IP = m- ' 



'(d 2 xy 
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In the light cone coordinates ^ ± = c^" ± C 1 the conformal gauge looks like: h ++ = h = 

0, h + _ — hp, and the constrains ([Tj|) take the form 

T ++ = ~ (Too + T 01 ) = l -{d a W + d x W){d Q X» + dyX") = 2 d + Wd + X», 

T — = \ (Too - T 01 ) = \{d Q W - dJPKdoX" - d 1 X^) = 2 cLIPcLX", (19) 

the trace is equal to the T + _ component 2T + _ = T Q0 — Tn = 0. The conservation of 

the energy momentum tensor takes the form <9_T ++ = d + T = and requires that its 

components are analytic T ++ = T ++ (( + ) and anti-analytic T = T functions. 

Thus our system has infinite number of conserved charges. This residual symmetry can 
be easily seen in gauge fixed action (16) written in light cone coordinates 

4m 



s = J s]{d + d-x»y d( + dc 



it is invariant under the transformations ( + = f(( + ), (~ = g(C~) where / and g are 
arbitrary functions. 

The classical equation is d 2 = 0, therefore IP is a function of the form 



Taking the ratio ^ = one can find the second derivative d 2 X fl written in the form 

d 2 x» = ^d 2 x° = rp 4fi(c + , C) = \ [n£(C + ) + n£(r)] 4fi(c+, D, 

where is another arbitrary function of ( + and (~. Thus the equation reduces 

to the following one: d + <9_ X" = ~[II£(C + ) + n£(C~)] ft(C + ,C~), and X" is a sum of 
inhomogeneous and homogeneous solutions 

x , = ^( C +, C -) + i[X£(C+) +X&C)], (21) 
where inhomogeneous solution is 

* M (c + , o = J T + / c [n^(c + ) + n&r )] fi(c + , cr^c (22) 

zJo Jo 

and X£(( + ), Xft((~) are arbitrary functions of ( + and The constraints ( [T9] ) take the 
form 

r ++ = 2 d + wd + x» = \ n£(C + ) { / ? [n£(c + ) + nft(r)] ^(C + , CR~ + ^(C + )}, 

2 JO 

t__ = 2 a_n^_x" = \ fiUC) { f <+ m(C) + uuc)] n(( + ,c)d( + + x»(c)}. 

ZJo 

Taking derivatives of the constraint equation 6 = flT2|), and using our solution (|20| ) one 
can see that 

0d,o) _ ri£(c+)[n£(c + )+n£(C)] = o, e^ 1 ) = ii£(c) [n£(c+)+n£(c)] = o, (23) 
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thus 

t ++ = \ K(C + ) x£(C + ), r__ = i ri£(c) x£(C)], (24) 

verifying the fact they are indeed functions of only one light cone variable. We shall derive 
new constraints differentiating fl23|), in particular 

e a,i) = nM (c+) n^ (c -) = o. (25) 

This formula has clear interpretation: left and right movers are not independent and 
should be normal to each other. 

The action (|TJ) is invariant under the global symmetries SX^ = A flu X u + a M , where 
A Miy is a constant antisymmetric matrix, while is a constant. The translation invariance 
of the action (16) 5 a X^ = a? results into the conserved momentum current 

P£ = d a W = d a (m-£2== ] , d a P» = 0, P" = [ P^dC 1 (26) 
1 J (d 2 X) 2 J 3 



and Lorentz transformation 5\X^ = K^ U X V into angular momentum current 

MT = X^d a Ii u -X u d a W+Wd a X u -Ii u d a X^, &*M% U = 0, = J M^dC 1 . (27) 

From its definition the momentum density, P /1 (C°,(' 1 ) = Pq^X 1 ) = doll' 1 is conjugate 
to X»((°, C 1 ) therefore [X»((°, C 1 ), P u ((°, C' 1 )] = irTKC 1 ~ C' 1 ) and one can deduce that 
the following commutation relations should hold: 

[d + X£((), d + Ul(C')} = 2m rTS '(C - C'), 

[d-X^C),d-^ R (C')} = 2m rTS '(C - C'), (28) 

with all others equal to zero: [d ± X^ R {C), 9±^(C')] = 0, [<9 ± II^(C), d ± IP L>R ((')] = 
□. To make these formulas more transparent to the reader let me use the analogy with the 
ghosts c ± and anti-ghost b±± fields (or super-ghorts), indeed the standard Faddeev- Popov 
action has the form J c d±b with nonzero anti-commutator only between c and b fields. 
Making use of these commutators one can get extended algebra of constraints 

[ T ++ (C) , T ++ (C') ] = ^K(T ++ (() + T ++ (C')) S ' (( - ('), 

[ t ++ (o, ecc'.c)] = -^e> (1>0) (c,cH(c-c'), 

[T ++ (c),e (1 ' 0) (C',C)] = w eW)((,r)5'((-('), 
[^(O.e^^c'Dl = -ye^cc.O^C-C'), (29) 



and so on. Similar relations holds for T The high derivative operators have been defined 

as (see (|IJ,(|2|),(|25|)) 6 = IT 2 - m 2 , 6 (1, °) = P£lP, 6 (0,1) = 6 (1,1) = P^Pj 

and so on (2Pq* = d+U^ + cLII^, = P£ + Pr). They form an infinite abelian algebra 



[9 {n ' m) ,e {M) ] = (30) 



4 Requiring that commutation relations for the energy- momentum tensor T++ and T__ should form 
the algebra of the two-dimensional conformal group one can get the same form of basic commutators 
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and hint at the existence of symmetries (|29|), (|30| ) higher than the conformal algebra. 

From ( |16|) we can deduce the propagator < H"(£)X^(£) > = ^ln(\( — C|/i). Using 
explicit form of the solution ([?]]) and we should have 

< [n£(C + ) + n£(c)J K(C + ) + *«(C) + 

JO Jo 

= rT [H(C-CM + M(C + -C + V)]]- 

Because there are no correlations between right - left moving modes of II field and the 
right - left moving modes of X field we shall get < n^(£ _ )X^(C - ) >= if" ln[(£~ — 
< II^(C + )X^(C + ) >= rf v ln[(( + — Now we are in a position to compute the two 

point correlation function of the energy momentum operator: 

< T T ++ (C + ) T ++ (C + ) > = \ < T : I1^(C + )X£(C + ) :: n£(C + )^(C + ) :> 

= J < mC + )Xl(C + ) >< ni(C + ) >= \ °£ ■ (31) 



The ghost contribution to the central charge remains the same as for the standard bosonic 
string: — ^ ^ + ^- + ^ 4 , therefore 1 
time should be 13-dimensional 



string: — ,^ + ^ + 4 , therefore the absence of conformal anomaly requires that the space- 



D c = 13. (32) 

This result can be qualitatively understood if one takes into account the fact that the 
field equations here are of the forth order and therefore we have two time more degrees 
of freedom than in the standard bosonic string theory. 

Let us now find mode expansion of different operators in the general solution (21), (22]). 
The appropriate boundary condition for closed strings is simply periodicity of the coor- 
dinates X^^X 1 ) — -^(C ; C 1 + 271"). The arbitrary periodic functions X^ and X£ can 
be written as normal mode expansions 



1 °° 2 

XI = x » + -vr^ + + E \ — K„. sin«+) + cosK+)} , 



m V nm 2 



1 00 2 

X£ = x* + -tt^- + W_ {g^sin(nC-) + g^cosK")} 



m ' V nm 2 



n=l 

and in similar manner IP 



00 /2m 2 

n ^ = me» + PC + + E \/^ r {-rfnCosK + ) + j4sin(nC + )}, 



n=l 

oo 



n£ = me^ + PC" + E \/ {-^„cos«-) +^sin«-)}, 

n=l ' n 

therefore for <9±H" we shall get 



P£ = <9+IP = P + E V2nm 2 K„ sin« + ) + P2n cos« + )} 



n=l 

oo 



P£ = d_lF = P + E V2nrn2{p^sin(nC) + &cos«~)}. (33) 



n=l 
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We shall consider the coordinates qi n , q 2m as internal degrees of freedom. Substituting 
the mode expansion into the commutator [X^^), P^niC^)] — ^nirj^S^ — ('^ gives 

[ef, tt"] = K, k u ] = iff, [qL P-J = if¥-> 

where i,j = 1, 2. We can now deduce a less trivial commutator [d±X^ L (( ± ), U^ L (( ,:iz )] = 
— 27ri?7 Atl '(5(C ± — C /=b ) w hh all other commutators equal to zero. If one introduces operators 



in _ Qln ~ %C l2n _ gin + %( l2n fj, _ P2n + Win +n _ P2n ~ Win 

then one can see that the only nonzero commutator is 

M,bt?\=rr8«m (34) 
and our basic fields will have expansion 

CO 



n=l 

oo 



1 00 / jj 

d + X£ = -tt" + £ J—M e ~ mC+ + ^e m(+ ). (35) 

m n =l V m 

Let us now define the Fourier expansion of our constraint operators, they are the standard 
Virasoro operator L and our new operators 

L n =< e mC+ : P£ d + X*t :>, 9 n ,, =< e i<++iK ~ <: IP IP - m 2 :> (36) 

together with the rest high derivative operators 

a.O) = < e inC++iK~ . pM ;> 0(0,1) =< e m C ++^C- . Tp P£ 

= < e^-W- : P£ P£ :> .... (37) 

and so on. In order to have explicit form of these operators it is useful to introduce 
following oscillators 

< = mVn <, n > 0, a$ = fc"; /3£ = — v 7 ^ &£, n > 0, = ir^/m 

dt n = m^n a^, n>0, (3t n = —^n b^, n > 0, (38) 

777- 

with nonzero commutator 

=nrrS n+k ,o. (39) 
The fields are now represented in the form P% = J2 oi^e -111 ^ , d + X£ = J2 l3£e~ mC - + and 
allow to represent the constraint operators in the form 

L n = a n-i ■ Pi ■ 

i 

©o,o = m 2 (e 2 - 1) + 7~2 : ( a -« an + : 

n^0 4n 

_ 11 

B„,o = — e • a n - - 2^ 7 ttt : «n-i • : 

w 4 in - 1)1 

„ im „ 1 1 ~ 

©o,n = — e • Q n - - > — : a n -i ■ ai : 

n 4 ^ n (n - 1)1 
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and so on. Direct computation with the use of basic commutators allows to find extended 
algebra of constrains ( p9|) for Fourier components 

[L n , L m ] = (/ — n)L n+m + — (n 3 — n)8 n+m n 

o 

[L n ,Q m7 k] = (m + n)Q n+mik (J = 0),... (41) 

and so on. Here J denotes the conformal spin of the corresponding operators. 

The important fact which uniquely define the spectrum of this string theory is the 
time dependence of the operator II 2 

(IP 2 - m 2 ) = k 2 Co + 2{me -k + k- U oscil }( + U 2 oscil + 2me ■ U oscil + m 2 (e 2 - 1). 

The first operator diverges quadratically with (o and the second one linearly. There- 
fore in order to have normalizable states in physical Hilbert space one should impose 
corresponding constraints. We are enforced to define the physical Hilbert space as 

k 2 typhys = 0, e-k ^ P hys = 0, k ■ a n ^ phys = 0, k ■ a n ^ phys = 0, n > 0. (42) 

The first equation states that all physical states with different spins are massless. This is 
consistent with tensionless character of the theory. We should also impose the rest of the 
constraints 

oo 

Lo^phys = {k-n + mJ2 n(a+b n + b+a n )}^ phys = 

n=l 

Ln^phys = 0, U > 

oo j 

Qofi^phys = {(e 2 ~ 1) + ^~( a t a n + &n «")}^ 'phys = 

n=l Zn 

Qn,l%hys = 0, n, I > (43) 

and so on. For the ground state a n \k, e, >= b n \k, e, >= we have k 2 = 0, ek = 0, e 2 = 
1, and kir = kd e \k,e,0 >= and therefore massless states of integer spin j = 0, 1,2, .. 
with momentum vector k^ and polarization tensor e^ 1 ....e^ . Equations ( f43"D should 
guarantee that there is no ghost states in our physical subspace. One can see also large 
amount of zero norm states, an indication of enhanced symmetry in our system. One 
should study in great details this Hilbert space in order to learn more about spin content 
of the theory and to prove the absence of the negative norm states. The details will be 
given elsewhere. 

Despite the fact that this model is not equivalent to the original one, it may represent 
an important limit of standard bosonic string theory when a —>■ oo. Indeed in this limit 
all string states become massless M 2 — \{n — 1) — > 0. David Gross defined this limit as 
an unbroken phase of string theory where one should observe enhanced symmetry 0. 

Below I shall return to the original model A which contains many elements of the 
above model. As we have seen we can not simply consider the action (|3|) as a functional 
of two independent field variables X and h without losing connection with the original 
system. In order to consider them as independent variables and at the same time to 
have equivalent theory at the classical level we have to introduce additional Lagrange 
multipliers X ab . The corresponding action is 

S = 7 / rf2 C { ^ v /(A(/i)X M ) 2 + X ab (d a X»d b X» -hd,)}. (44) 
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and the equations of motion are: 



[A(h)X» 



A{h) ( , AWX ^ 9 j - 2 -^=d a (\ ab d b X») = 0, d a X»d b X» - h ab = 0, (45) 



Tfl 

tab = T »b + ^ ^ab = 0, (46) 



where we already know T ab fl8|) , (|15|) . For the trace of the energy momentum tensor we 
have: 



h ab t ab = -j= h ab X ab , (47) 

where we have used the fact that h ab T ab = 0. If we substitute the expression for A from 
the last equation into the first one we shall get unique equation for the X^: 

A(h) ( m A ^ XM ] + JL da (VhT ab d b X») = 0, (48) 

V y/(A(h)X»)*J Vh ^ * 

where h ab = d a X^d b X^ . We can get the same equation by direct variation of the original 
action (|) 5S = f{ ™ 5X»+-^5X>*}d 2 C and substituting the expressions for (^) 
and jjfj; (|TTp . Again we can fix the conformal gauge h ab = pr] a b using reparametrization, 
in this gauge the equations of motion are : 

d 2 -Sk= - 2 d a (\ ab d b X») = 0, d a X»d h X*-pq ab = % pT ab + m\ ab = 0. (49) 
^{d 2 X-f V J 

where T ab is given in (p!8|). Comparing these equations with the ones in the previous 
section (see equations (0) and (0)) one can be convinced once again that these two 
systems are not equivalent even at the classical level, but are close enough. 

The author wish to thank A.Nicolaidis and I.Bachas for the discussion of the tensionless 
limit of standard string theory and E.Floratos, R.Manvelyan and A.Nichols for useful 
remarks. This work was supported in part by the EEC Grant no. HPRN-CT-1999-00161. 
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